Let G be a topological locally compact, Hausdorff and second countable groupoid with a Haar system and K a proper subgroupoid of G with a Haar system too. (G, K) is an internally Gelfand pair if for any u in the unit space, the algebra of bi-K(u)-invariant functions on G(u) is commutative under convolution. In this work, we give some characterizations of these pairs and extend to this context some classical results of harmonic analysis.
Introduction
The notion of Gelfand pair, introduced by I.M.Gelfand, has been extensively studied on groups in papers such as [1, 4, 5, [7] [8] [9] [10] . It has permitted to extend many results of commutative harmonic analysis to noncommutative case. The notion of groupoid is an extension of the notion of group. In [21, 22] , we have extended the notion of Gelfand pair from groups to groupoids. In these papers, our analysis is done on a transitive locally compact groupoid, G, and a compact subgroupoid, K. For instance, in [21] we have proved that (G, K) is a Gelfand pair if and only if for any u ∈ G (0) the pair of isotropy groups (G(u), K(u)) is a Gelfand pair in group sense. Thanks to this result, we have extended some results of harmonic analysis from groups to groupoids. But this result is not true in general. For instance, the groupoid algebra is not necessarily commutative even for abelian groupoids that means groupoids with abelian isotropy groups.
Nonetheless, there is a "nice" harmonic analysis on abelian groupoids [3, 11, 16] . So our purpose is, in order to do harmonic analysis on pairs (G, K) for general locally compact groupoids, to define an alternative notion of Gelfand pairs on groupoids taking into account only the isotropy groups. Since any compact groupoid is proper and if K is proper then the isotropy groups K(u) are compact, we have giving our definition for proper subgroupoid, K. In fact, for a locally compact groupoid G and a proper subgroupoid K, (G, K)
is an internally Gelfand pair if for any u in the unit space, the algebra of bi-K(u)-invariant functions on G(u) is commutative under convolution. After notations and setup in the next section, we give in section 3 some characterizations of internally Gelfand pairs, in particular we show that a Gelfand pair is an internally Gelfand pairs. We also study the link between Gelfand pairs and internally Gelfand pairs. In section 4, we define the notion of G (0) -spherical function associated to internally Gelfand pairs and study some properties of these functions. We establish a connection between G (0) -spherical functions and internally irreducible representations introduce by R. Bos in his paper [3] . In section 5, we give an extension of Bochner Theorem.
preliminaries
We use the notations and setup of this section in the rest of the paper without mentioning. For basic notions on groupoids and Haar systems, we refer the reader to [20] . Throughout G will be a second countable locally compact Hausdorff groupoid with unit space G (0) and left Haar system {λ u , u ∈ G (0) }. G (2) will denote the set of composable pairs. For x ∈ G, r(x) = xx −1 and d(x) = x −1 x are respectively the range and
is an equivalence relation. The equivalence class of u is denoted by [u] G and is called the orbit of u. The graph R = {(r(x), d(x)) : x ∈ G} of this equivalence relation is a groupoid with unit space G (0) . The anchor map
A groupoid is proper if θ is a proper map. For u ∈ G (0) , λ u will denote the image of λ u by the inverse map and {λ u , u ∈ G (0) } is a right Haar system on G. Let µ be a quasi-invariant measure on G (0) for the Haar system {λ u , u ∈ G (0) }, ν = λ u dµ(u) be the induced measure by µ on G, ν −1 = λ u dµ(u) be the inverse of ν, ν 2 = λ u × λ u dµ(u) be the induced measure by µ on G (2) and ∆ the modular function of µ.
There is a decomposition of the left Haar system {λ u , u ∈ G (0) } for G over R. Firstly, there is a measure
Then, there is a unique Borel Haar system α={α u :
u ∈ G (0) } for R with the property that for every u ∈ G (0) , we have λ u = β ω v dα u (ω, v). C c (G) will denote the space of complex-valued continuous functions on G with compact support, endowed with the inductive limit topology and L 1 (G, ν) the space of ν− integrable functions on G. In [12] , P. Hahn defines the following norm on L 1 (G, ν):
, u ∈ G (0) } and introduce the following groupoid algebra,
Under the convolution product defined by: for all f, g ∈ I(G, λ, µ),
and the involution defined by: for f ∈ I(G, λ, µ),
. We put
the space of bi-K− invariant integrable functions which is a Banach * -subalgebra of I(G, λ, µ). For any f ∈ I(G, λ, µ), let us denote by f the bi-K-invariant function defined by: for all x ∈ G,
If I(G\\K) is commutative for convolution product, we say that (G, K) is a Gelfand pair. This notion in groupoids case has been studied by authors in [21, 22] . Let H=(H u ) u∈G (0) be a Hilbert bundle over G (0) and U(H) the unitary groupoid of the bundle H. (π, H) is a unitary continuous representation of G if π is a groupoid morphism of G into U(H) such that for all square integrable sections ξ and η of H, the map
We denote by Γ µ (H), the Hilbert space of square integrable section of H. In [20] , J. Renault associates to any unitary representation (π, H) a representation L of C c (G) on Γ µ (H) defined by:
In [18] , the authors extend the notion of positive definite function to groupoids. In fact, a bounded continuous function p :
Ramsay and Walter establish for groupoids the well-known correspondence between positive definite functions and representations. In fact, for any bounded continuous positive definite function p : G → C, there exists a unitary representation π of G on a Hilbert bundle H, and a bounded continuous cyclic section ξ of H such
Internally Gelfand Pairs
Let G be a locally compact, Hausdorff and second countable groupoid and K a proper subgroupoid of G.
The first example is given by (G, G (0) ), where G is an abelian groupoid with unit space G (0) which is seen here as a cotrivial groupoid. Let us notice that a groupoid G is said abelian if for any u ∈ G (0) the isotropy group G(u) is abelian.
The following results give some necessary conditions for internally Gelfand pairs. 
Consider the relation on G defined by x ∼ y iff r(x) = r(y) and y −1 x ∈ K. It is an equivalence relation and the quotient space G/K, equipped with the quotient topology, is Hausdorff and locally compact. The range map r induces a continuous, open surjection p :ġ → r(g) from G/K to G (0) (see [20] ). The groupoid
is continuous and satisfy (a) p(g.s) = r(g)
For action groupoids, see [14] . Let us put
There is an action of G on G/K × p G/K defined by the relation: g.(s, t) = (g.s, g.t) for g ∈ G and s, t ∈ G/K.
Thus there exists y ∈ G u such that y.s = s and yx −1 .s = x.s. The first relation shows that y ∈ K(u) and
the second one implies that
. It follows that Proof. Suppose that (G, K) is a Gelfand pair. We consider the map ψ from L 1 (G(u)\\K(u)) to I(G\\K)
Now, if we assume that K ψ is clearly linear. Now for f, h ∈ L 1 (G(u)\\K(u)), we set F = ψ(f ) and H = ψ(h), we have
where the line 7 is due to K(u)-biinvariance of h.
Thus ψ is a morphism of convolution algebras. Moreover ψ is injective. In fact, let us notice first that if
The converse is not generally true. For instance if G is abelian, the pair (G, G 0 ) is an internally Gelfand pair but not a Gelfand pair. For Transitive groupoids, the converse is true (see [21] ). In the following result, we give a condition for the converse. Proof. Since (G, K) is an internally Gelfand pair then (G(u), K(u)) is a Gelfand pair. It follows thanks to In fact, let us suppose that for x ∈ G, H
and for k 0 ∈ K
Thus η r(x) ∈ H x ∈ G} is a closed subgroupoid ofG. We haveG(u) = G(u) × G(u) the cartesian product of
We know (see [7] ) that (G(u) × G(u), Diag(G(u) × G(u))) is a Gelfand pair. So, the pair (G,K) is an internally Gelfand pair.
Harmonic Analysis on pairs (G, K)
In this section, (G, K) is an internally Gelfand pair. Now for x, y ∈ G ϕ(xky)dγ
For the converse it suffices to write for a fixed u ∈ G (0) the equality for x, y ∈ G(u) and apply the Proposition 6.1.5 of [5] . 
So since [u] K is dense in G (0) and χ f is continuous then there exists c ∈ C such that χ f (w) = c for all w ∈ G (0) . Proof. Let's suppose that ϕ is G (0) − spherical and let π ϕ be the unitary representation associated to ϕ. We
positive definite function such that ϕ(u) = 1. Since ϕ u is spherical then the representation associated to it, is irreducible and unitarily equivalent to π ϕ | G(u) . So π ϕ is internally irreducible. Conversely, ϕ is G (0) − elementary implies that the associated representation is internally irreducible. Thus, the positive definite
Denote by P G (0) the set of positive definite G (0) -spherical functions on G and P u the set of positive definite spherical functions on G(u). We know by classical theory (see [5, 8] ) that P u equipped with the topology σ(L ∞ , L 1 ) is locally compact. For u ∈ G (0) , let's consider Res u : P G (0) → P u the restriction map.
If we equip P G (0) with the coarsest topology making continuous the map Res u , then it is locally compact.
In this section, we shall suppose that Res u is bijective. The choice of the topology of P G (0) makes Res u a continuous open bijection and therefore an homeomorphism. We start by given a definition of the Fourier transform appropriated to our context.
For a function f ∈ I(G\\K), the Fourier transform, noted by F(f ), is defined by:
We have the following results known in classical case. 
